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Abstract 

We prove that the chordal SLE K trace is reversible for k S (0,4]. 

1 Introduction 

Stochastic Loewner evolutions (SLEs) are introduced by Oded Schramm ([12]) to describe 
the scaling limits of some lattice models, whose scaling limits satisfy conformal invariance 
and Markov property. The basic properties of SLE are studied in [9] . There are several 
different versions of SLE. A chordal SLE is defined in a simply connected domain, which is 
about some random curve in the domain that grows from one boundary point to another. 

So far it has been proved that chordal SLEg is the scaling limit of explorer line of the 
site percolation on triangular lattice with half open and half closed boundary conditions 
( [H] and [2]); chordal SLEg is the scaling limit of UST Peano curve with half free and 
half wired boundary conditions ([6]); chordal SLE4 is the scaling limit of contour line of 
the two-dimensional discrete Gaussian free field with suitable boundary values ([13]); and 
chordal SLE 2 is the scaling limit of LERW started near one boundary point, conditioned 
to leave the domain near the other boundary point ([IS]). In [5], SLE 8 / 3 is proved to 
satisfy the restriction property. From these results, we know that the chordal SLE K trace 
is reversible for k — 6, 8, 4, 2, 8/3. 

In [9], it is conjectured that the chordal SLE K trace is reversible for all k e [0, 8]. Oded 
Schramm and Steffen Rohde are planning to prove that the chordal SLE K trace is not 
reversible for k > 8 ([in])- Scott Sheffield proposed that the reversibility can be derived 
from the relationship with the Gaussian free field ([II]). In this paper we will prove 
this conjecture for k e (0, 4] using only techniques of probability theory and stochastic 
processes. The main idea of this paper is as follows. 

Suppose (j3(t)) is a chordal SLE K trace in a simply connected domain D from a 
prime end a to another prime end b. From Markov property of SLE, for a fixed time 
to, conditioned on the curve P([0,to\), the rest of the curve ((3{t) : t > t ) has the same 



1 



distribution as a chordal SLE K trace in D to := D\(3([0,t ]) from j3(t ) to b. Assume that 
the chordal SLE K trace is reversible. Then the reversal of (Pit) : t > t ) has the same 
distribution as the chordal SLE K trace in D to from b to [3 (to). On the other hand, since 
(/3(t) : t > to) is a part of the SLE K trace in D from a to b, so from the reversibility, 
the reversal of : t > t ) should be a part of SLE K trace in D from b to a. Suppose 
7 is an SLE K trace in D to from b to /3(to). From the above discussion, if we integrate 7 
against all possible curves /3([0,t ]), we should get a part of SLE K trace in D from b to 
a, assuming that the chordal SLE K trace is reversible. 

To prove the reversibility, we want to find a coupling of two SLE K traces, one is from 
a to b, the other is from b to a, such that the two curves visit the same set of points. 
If such coupling exists, we choose a pair of disjoint hulls, each of which contains some 
neighborhood of a or b in H, and stop the two traces when they leave one of the two 
hulls, respectively. Before these stopping times, the two traces are disjoint from each 
other. The joint distribution of the two traces up to these stopping time should agree 
with that of (3 and 7 discussed in the last paragraph up to the same stopping times. The 
Girsanov Theorem suggests that this distribution is absolutely continuous w.r.t. that of 
two independent chordal SLE K traces (one from a to b, the other from b to a) stopped 
on leaving the above two hulls. And the Radon-Nikodym derivative is described by a 
two-dimensional local martingale, which has the property that when one variable is fixed, 
it is a local martingale in the other variable. This is the M(-, •) in Theorem 14.11 It is 
closely related with Julien Dubedat's work about commutation relations for SLE ([3]). 

Using the M(-, •), we may construct a portion of the coupling up to certain stopping 
times. To construct the global coupling, the difficulty arises when the two hulls collide, 
and the absolute continuity blows up after that time. In fact, we can not expect that 
the global coupling we are looking for is absolutely continuous w.r.t. two independent 
SLE. Instead, the coupling measure will be the weak limit of a sequence of absolutely 
continuous coupling measures. Each measure in the sequence is generated from some two- 
dimensional bounded martingale, which is the M*(-,-) in Theorem 16.11 The important 
property of M* is that on the one hand, it carries the information of M as much as we 
want; on the other hand, it is uniformly bounded, and remains to be a martingale even 
after the two hulls collide. So M* can be used as the Radon-Nikodym derivative to define 
a global coupling measure. 

Although the results in this paper about martingales hold for all k > 0, there are 
still some work to do to prove the reversibility when k G (4,8]. The case that k = 6 
illustrates the difficulty of this problem. In this case all martingales are constant 1. But 
the reversibility of SLEg is still a non-trivial problem. 

As suggested by Oded Schramm, the method in this paper can be used to prove the 
duality of SLE. The author is planning to write another paper about this object. We 
may use this to study the reversal of the chordal SLE(/t, p) trace ([5J), continuous LERW 



2 



curve ([U]), and annulus SLE trace ( [TTj^B] ). 

This paper is organized in the following way. In Section [2] we give the definition of 
chordal SLE and some other basic notations, and then present the main theorem of this 
paper. In Section [3], we study the relations of two SLE that grow in the same domain. 
In Section H] we present the two-dimensional local martingale M, and check its property 
by direct calculation of stochastic analysis. In Section we give some stopping times 
up to which M is bounded. And at the end of Section 0, we give a detailed explanation 
of the meaning of M. In Section [6j we use the local martingale to construct some two- 
dimensional bounded martingale M*. In Section [7J we use M* to construct a sequence of 
coupling measures. The limit of these measures in some suitable sense is also a coupling 
measure. We finally prove that under the limit measure, the two SLE K traces coincide 
with each other. 

Acknowledgements. I would like to thank Nikolai Makarov for introducing me to the 
area of SLE. I also thank Oded Schramm for some important suggestions about this 
paper and future work. 

2 Chordal Loewner Equation and Chordal SLE 

Let E = {z e C : Imz > 0} denote the upper half complex plane. If if is a bounded 
closed subset of EI such that EI \ H is simply connected, then we call H a hull in EI w.r.t. 
oo. For such H there is a unique cpn that maps EI \ H conformally onto EI such that 
<Ph(z) = z + f + 0(1/ z 2 ) as z — ► oo for some c > 0. Such c is called the half-plane 
capacity of H, and is denoted by hcap(i7). 

Proposition 2.1 Suppose Q is an open neighborhood of Xo el in EI. Suppose W maps 
Q conformally into EI such that for some r > 0, if z — > (xq — r, xq + r) in Q then 
W(z) — > M. So W extends conformally across (xo — r, xq + r) by Schwarz reflection 
principle. Then for any e > 0, there is some 5 > such that if a hull H in EI w.r.t. oo 
is contained in {z G H : \z — xo\ < 5}, then W(H) is also a hull in EI w.r.t. oo, and 

| hca,p(W(H)) - I^ / (^o) 2 hcap( J ff)| < e\ hcap(#)|. 

Proof. This is Lemma 2.8 in [1]. □ 

For a real interval I, let C(I) denote the real valued continuous function on I. Suppose 
£ G C([0, T)) for some T G (0, +oo]. The chordal Loewner equation driven by £ is as 
follows: 

WM) %(^WC) ' = " (21) 
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For < t < T, let K{t) be the set of z G EI such that the solution ip(s,z) blows up 
before or at time t. We call K(t) and ip(t, •), < t < T, chordal Loewner hulls and maps, 
respectively, driven by £. Then for each t G [0, T), cp(t, •) maps M\K(t) conformally onto 
EL Suppose for every t G [0, T), 

:= lim 6iUK 

zeH,2— 

exists, and /?(£), < t < T, is a continuous curve. Then for every i G [0, T), K(t) is the 
complement of the unbounded component of H\/3((0, t)). We call j3 the chordal Loewner 
trace driven by £. In general, such trace may not exist. 

We say (K(t), < t < T) is a Loewner chain in EI w.r.t. oo, if each K(t) is a hull in 
EI w.r.t. oo; K(0) = 0; K(s) ^ K(t) if s < t; and for each fixed a G (0, T), the extremal 
length ([]]) of the curve in EI\i ; r(t + e) that disconnect K(t + e) \ K(t) from oo tends to 
as e — > + , uniformly in t G [0, a]. If u(t), < t < T, is a continuous (strictly) increasing 
function, and satisfies u(0) = 0, then (i^(-u" 1 (t)), < t < u(T)) is also a Loewner chain 
in EI w.r.t. oo, where u(T) := supw([0, T)). It is called the time-change of (K(t)) through 
u. Here is a simple example of Loewner chain. Suppose f3(t), < t < T, is a simple 
curve with /3(0) G R and f3(t) G EI for t G (0,T). Let K{t) = P((0,i\) for < t < T. 
Then (K(t), < t < T) is a Loewner chain in EI w.r.t. oo. It is called the Loewner chain 
generated by (3. 

If H x C H 2 are two hulls in M w.r.t. oo, let # 2 /#i := ^(^2 \ ^1). Then H 2 /H x 
is also a hull in EI w.r.t. 00, ( -Ph 2 /h 1 = ^Ph 2 V 9 ^ 1 ; an d hcap(if 2 /-^i) = hcap(if 2 ) — 
heap (Hi). If Hi G H 2 G H 3 are three hulls in EI w.r.t. 00, then H 2 /Hi G H3/H1 and 
(H 3 /H 1 )/(H 2 /H 1 ) = H 3 /H 2 . 

Proposition 2.2 (a) Suppose K(t) and <p(t,-), < t < T, are chordal Loewner hulls 
and maps, respectively, driven by £ G C([0, T)). T/ien (Zf(i),0 < t < T) is a Loewner 
chain in EI w.r.t oo ; <fK(t) = ■); anc ^ hcap(H(t)) = 2t /or any < t < T. Moreover, 
for every t G [0, T), 

{£(*)>= n (2.2) 

ee(o,T-t) 

^ Let (L(s),0 < s < S) be a Loewner chain in EI w.r.t. 00. Lei t>(s) = hcap(L(s))/2 ; 
< s < S . Then v is a continuous increasing function with u(0) = 0. Let T = v(S) and 
K(t) = L{v~ l {t)), < t < T . Then K(t), < t < T, are chordal Loewner hulls driven 
by some £ G c([0,T)). 

Proof. This is almost the same as Theorem 2.6 in [1]. □ 

Let B(t) be a (standard linear) Brownian motion, k G (0, 00), and = \JHB{t), 
< t < 00. Let K(t) and <p(t, ■), < t < 00, be the chordal Loewner hulls and maps, 
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respectively, driven by £. Then we call (K(t)) the standard chordal SLE K . From [9], the 
chordal Loewner trace (3(t), < t < oo, driven by £ exists almost surely. Such f3 is called 
the standard chordal SLE K trace. We have /3(0) = and lim^oo (3{t) = 00. If k G (0,4], 
then (3 is a simple curve, (3{t) G H for £ > 0, and K(t) = f3((0, t]) for t > 0; if « G (4, 00), 
then /3 is not a simple curve. If k G [8, 00), then /? visits every z G H; if /« G (0, 8), then 
the Lebesgue measure of the image of (3 in C is 0. 

Suppose S C is a simply connected domain, and a ^ b are two prime ends (pQ) of 
D. Then there is W that maps (H; 0, 00) conformally onto (D; a, b). We call the image of 
the standard chordal SLE K under W the chordal SLE K in D from a to b, which is denoted 
by SLE K (D;a — > b). Such W is not unique, but the SLE K (D;a — > b) defined through 
different W have the same distribution up to a linear time-change because the standard 
chordal SLE K satisfies the scaling property. The main theorem in this paper is as follows. 

Theorem 2.1 Suppose k G (0,4] ; (3i(t), < t < 00, is an SLE K (D; a — * b) trace, and 
fhif)) < t < 00, is an SLE K (D; b — > a) trace. Then the set {(3\{t) : < t < 00} has the 
same distribution as {/^(t) : < t < 00}. 

3 Ensemble of Two Chordal Loewner Chains 

In this section we study the relations of two chordal Loewner chains that grow together. 
Some computations were done in [4], [5], [3], and other papers. We will give self-contained 
arguments for all results in this section. Suppose Kj(t) and <Pj(t,'), < t < Sj, are 
chordal Loewner hulls and maps, respectively driven by £j G C([0, Sj)), j = 1, 2. Assume 
that for any t x G [0, S x ) and t 2 G [0, S 2 ), Kx(t x ) fl K 2 (t 2 ) = 0, then Ki(h) U i^ 2 (* 2 ) is a 
hull in H w.r.t. 00. Fix j ^ k G {1, 2} and t e [0, For < t < Sj, let 

^• i0 (t) = (Kj(t)UK k (t ))/K k (to)=<p k (t ,Kj(t)). (3.1) 

Since (fk{to, •) maps EI \ K k (to) conformally onto H, so from conformal invariance of 
extremal length, (Kj tto (t), < t < Sj) is also a Loewner chain in EI w.r.t. 00. Let 
^• t0 (t) = hcap(tf ilt0 (t))/2 for < t < Sj, and L i)to (t) = K jtto (vr^(t)) for < t < S j>to := 
Vj t t (Sj). From Proposition 12.21 Lj jto (t), <t < Sj tto , are chordal Loewner hulls driven 
by some 77^ G C([0, Sj tt() ))- Let ipj tto {t, •), < t < denote the corresponding chordal 
Loewner maps. Let = Vj,t (v jtto (t)) and ^, to (t, •) = ^j,t (vj,t (t), ■) for < t < 5,-. 

Since Vj,«o(*> ') = Vl^W for < t < 5j- ito , so (p j!to {t, ■) = <PK jli0 (t) for < t < Sj. We use 
(9i and d z to denote the partial derivatives of <fj(-, ■) and <fj t t (-, ■) w.r.t. the first (real) 
and second (complex) variables, respectively, inside the bracket; and use d to denote the 
partial derivative of v ? j,t ('? ') w.r.t. the subscript t . 
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Fix j ^ k E {1,2}, t G [0,Sj) and s G [0,S k ). Since (p k (s, •) = (fK k ( s ), <Pj(t, •) = ^-(t), 

¥>j, 8 (t, •) = <PKj,„(t), an d Vm( s i = so from M), for any 2 G H\ (i^-(t) U if fc (s)), 

V^Mu^ fc ( s )0) = ¥>j(M)) = (Pj, a {t,(ph(s,z)). (3.2) 

Fix e G (0, 5,- - *). Since K jt8 (r) = (Kj(r) U K k (s))/K k (s) for r G [0, Sj), so 

L 3 -, 8 fa- a (t + e)) = AT j|8 (t + e) = K 3 (t + e)U K k (s) 
L jtS (v j>s (t)) K jtS (t) K^UK^s) 

= tpKMuKMiKjlt + e) \ Kj(t)) = <p k>t (s, Kj(t + e)/Kj(t)). (3.3) 
From Proposition 12.21 and (13.31) . we have 



{&(*)} = n e>0 ^(t + e)/KAt)\ and (3.4) 



{&>(*)} = Ofe,*( u j>(*))} = ^e>oLj.s{v jtS (t + e))/L jjS (v jjS (t)) (3.5) 



= n e>0 (Kj(t + e) U K^/iKjit) U (3.6) 
From (l3.3N3.5p . we have 

= ( 3 - 7 ) 

From Proposition 12.21 again, we have hcap(if 3 -(i + e)/Kj(t)) = 2e and 

hcap(L jiS (w jiS (t + e))/L ijS (f iiS (t))) = 2(w iiS (t + e) - v jtS (t)). 

So from Proposition 12.11 and (13.31) . we have 

v' ji M = d z(fkjt (s,{ j (t)) 2 . (3.8) 

Since <pj iS (t,z) = ipj ;S (vj )S (t), z), so for fixed s G [0, S k ), (t,z) i— >• <pj iS (t,z) is C 1,a differen- 
tiable, where the superscript "a" means analytic, and 

ft W . («■») = , , , ,„ = (3. 9) 

From (13.21) . we see that (s, t, 2) 1— > <Pj, s (t, z) is (7 1,1 ' a differentiable. Differentiate (13.91) 
using <9 2 , and then divide both sides by d z ipj tS (t, z). We get 

a wa ^ ^ -29 2 v?fc,t(s,^(t)) 2 , , 

5i ln(9,yj i5 (t, 2)) = / i ,,^ 2 - 3.10 

Differentiate (13.101) using d z . We get 

1 v d z ip jtS (t, z) ) (<fj, s (t, z) - (p ktt (s, &(*))) 3 ' 
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Differentiate (13.111) using d z . We get 

'd 2 z ipj, s (t,z)\ Ad z (p Kt (s^j(t)) 2 d 2 z Lp j)3 (t,z) I2d z ip k j(s, €j(t)) 2 d z (p jj8 (t, zf 



d z <p jlS (t, z) ) (<Pj, s (t, z) - <p k ,t( s , OW)) 3 (wA^ z ) - VkA^ &(*))) 4 

(3.12) 

Lemma 3.1 For any j ^ k G {0, 1}, i G [0, S^) and s G [0, Sfc), we have 

d ip k>t {s,Zj{t)) = -30^(5, &(*)); (3.13) 

d d z (p k ,t( s _ 1 V 3frjM( s >&(*))V 4 . ^Vm( s >^(*)) ( 3 14 n 



d z (p ktt (s,£j(t)) 2 V^m( s > 3 d z ip ktt (s,^j(t))' 

Proof. Differentiate both sides of the second "=" in f 1 3 . 2 H w.r.t. t, we get 

d <Pk,t( s i Vjiti z )) + 9 z (fk,t(s, <fj(t, z))dx<fj(t, z) = di(p j>s (t, <p k (s, z)) 
for any zgH \ (Kj(t) U K k (s)). So from (ED), (E2D, and (TO . 

2d z ip k>t (s, £j(t)) 2 2d z (p kjt (s, if jit, z)) 



dQ<Pk,t(s,tpj{t,z)) 



for any z G H\ (Kj(t) UK k (s)). Since ^-(t, ■) maps H\ (Kj(t) U K k (s)) conformally onto 
EI \ Kk,t(s), so for any w G H \ K k>t (s), 

~ / \ 29 2 ^ M (s,^-(t)) 2 2d z <p k>t (s,w) 

d Q (p k ,t(s, w) = ? r 315 

<^fc,t(s, w ) - (p k ,t{s, 4j(t)) w - 4j(t) 

In the above equation, let w — > £j(t) in H\ifjfe )t (s). From the Taylor expansion of <Pk,t{s, •) 
at £j(t), we get (I3.13p . Differentiate (13 . 15[) using d z , we get 

a a / \ 2<9 z y2 fcii (s,£ i (t)) 2 <9 z ^ A:it (,s, w) 2d 2 (p k j(s,w) 2d z ip ktt (s, w) 
(<p ktt (s,w) - (Pk,t(a,€j(t))y w-£j(t) {w-^{t)y 

Let w — > £-,(£) in HI \ K k j(s), then we get (13.141) from Taylor expansion. □ 
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4 Two- Dimensional Continuous Local Martingale 



Let k G (0,4] and X\ < x 2 G E. Let Xl(£) and X 2 (t) be two independent Bessel process 
of dimension 3 — 8/k started from (x 2 — X\)/\/k. Let Tj denote the first time that Xj(t) 
visits 0, which exists and is finite because 3 — 8/k < 1. For j — 1,2, let Yj(t) = y/K,Xj(t), 
< t < Tj. Then there are two independent Brownian motions B\{t) and -B 2 (t) such 
that for j = 1, 2 and < t < 7}, 

^.(t) = ( X2 + (-l)i^.(t) + / 

Jo 1 j\ s ) 

Fix j ^ k G {1, 2}. For < t < Tj, let 

= x, + V^Bjit) + (-iy [ rfs ' = Xfc - / vTT 

Then ^(0) = x i; pj{0) = x k , and £,-(t) - Pj{t) = (-l) j Yj(t), 0<t< Tj. Thus 

k — 6 2<it 
dfc(f) = v^^-(t) + py^y dt, and d Pi (f) = ^T^j W 

for < t < T. Let i^j(t) and <fj(t, •), < t < Tj, denote the chordal Loewner hulls and 
maps driven by < t < Tj. Then (Kj(t),0 < t < Tj) are SLE(/t, k — 6) process 

([5]) started from Xj with force point at x k ; Tj is the first time that x k is swallowed by 
Kj(t); and <pj(t,Xk) = Pj(t), < t < Tj. It is well known (e.g. [3]) that after a time- 
change, (Kj(t),0 <t< Tj) has the same distribution as a chordal SLE K (HI; a^- — > x^). 
Since k < 4, so there is a crosscut /3j(t), < t < Tj, in EI from Xj to Xk, such that 
= /3,((0, *]) for < t < Tj ([9J). Here a crosscut in M from aGlto&Glis simple 
curve Pit), 0<t<T, that satisfies (3(0) = a, f3(T) = b, and (3(t) G H for < t < T. 

For j = 1,2, let (JF^) denote the filtration generated by (Bj(t)). Then is (.F/)- 
adapted, and Tj is an (JF/) -stopping time. Let 



V = {(h,t 2 ) G [0,T\) x [0,T 2 ) : K x (t x ) H K 2 (t 2 ) = 0}. 



For < t fc < T fc , let T 3 -(f fc ) G (0, Tj] be the maximal such that Kj(t) n i^(tfc) ^ 
for < t < Tj(tk). Now we use the notations in the last section. Let (ti,t 2 ) G T>. 
Since (pk,t 3 (t k ,-) = <£K k:tj {t k ), so (fk^itkr) maps H \ fT fc]tj . (t fc ) conformally onto H. By 
Schwarz reflection principle, (p k ,tAtk, ■) extends conformally to t .(t k ), where for a hull 

H in H w.r.t. oo, £ H = C \ (if U {z : z G H} U [inf (# n E), supfff n E)]) (c.f. [15]). 
For j ^ k e {0,1}, and to G Z> , let Ay^ta, t 2 ) = d%(p k)t .(t k ,£j(tj)). The definition 
makes sense since £j(t/) G S^^^), Moreover, we have Aj^ G E for any to > since 
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fk,tj{tk, •) is rea l valued on a real open interval containing £j(tj). From (13. 2p . we see 
that A j>0 (t 1 ,t 2 ) = VK^uKiit^iPjitj)), j = 1,2. Since i^i(ti) lies to the left of K 2 (t 2 ), 
so Ai j0 (ti,i2) < ^2,0(^1, t 2 ). Since <fk,tAtk,-) maps a part of the upper half plane to 
the upper half plane, so Aj^(ti,t 2 ) > 0, j = 1,2. For (ti,t 2 ) G define E(ti,t 2 ) = 
A 2fi (h,t 2 ) - A lfi (t u t 2 ) > 0, 



Ar , + , x ^l,l(*l»*2)^2,l(*l,*2) Ai,i(ti,t 2 )A 2j l(ti,t2) . M 
VV( i ti,t2j — zrr. -tt; — — - — : r. -^rrrr > U, 



E(t u t 2 ) 2 



{A 2 ,o{ti,t 2 ) - A lfi {t x ,t 2 ))< 



(4.2) 



and 



M(h,t 2 



\N( tl ,0)N(0,t 2 )) 6XP l 



nt-2 



where 



Q 1^ 

n = n (/-,') = — ; , A = A(k) 



2iV(si, s 2 ) 2 ds 2 ds 1 ) > 0, 
8 - 3k) (6 - k) 



2k ' v 7 2k 

Note that M(ti, 0) = M(0, t 2 ) = 1 for any < h < T x and < t 2 < T 2 . 

Remark. If k < 8/3, i.e., A > 0, then 



(4.3) 



(4.4) 



exp ^ — A J J 2N(si, s 2 ) 2 ds 2 dsi 



is the probability that in a loop soup ([?]) in EI with intensity A, there is no loop that 
intersects both Kiiti) and K 2 {t 2 ). 

Theorem 4.1 (i) For any fixed (Ff)- stopping time t 2 with t 2 < T 2 , (M(ti,i 2 ),0 < t\ < 
T\{t 2 )) is a continuous {T\ x x T^t^-local martingale, and 



M 



K\ ( ( A x 



— + 



2A itl 



A±A A 2 q — A\q 



dBxih) 



(4.5) 



(ii) For any fixed {J 7 }) -stopping time t\ with t\ < T 1; (M(ti,t 2 ),0 < t 2 < T 2 (ti)) is a 
continuous (J 7 ^ x J r ^ 2 ) t2 >o-local martingale, and 



d 2 M 



M 



_ K\ ( (A %2 



2A 2>1 



A 2 a Ai$ — A 2Q 



(fi.ta) P2(*2)~6(*2) 



dB 2 {t 2 ) 



(4.6) 



9 



Proof. Since <pi >tl (0, •) = id H , <Pi,o(*i, = •)> and 6(0) = z 3 , so 

Ai,o(«i,0) = ^(0,6^1)) = £i(*i), A 1)1 (t 1 ,0) = 1; 

^2,o(*i,0) = ¥?i, (*i,6(0)) = Vi(*i>»2) = Pi(*i), 4a,i(*i>°) = 9 2 v9i(ti,x 2 ). 
Thus iV(ti,0) = d z (fi(ti, x 2 )/(pi(ti) — ^i(ti)) 2 . From chordal Loewner equation, we get 

41 ^ Ul,X2j " (^(ti,x 2 )-6(ti)) 2 " (Pi(ti)-ei(ti)) 2 " 

From (14. ip . we get 

2<9t 

a, 1 (p 1 fa)-6M) = -86fa) + pi(ti) _ 1 6(ti) . 

From the above two formulas and Ito's formula, we get 

9 L iV(t 1 ,0)«/(aiV(t 1 ,0) a ) = 2^ 1 (t 1 )/(p 1 (t 1 )-$ 1 (t 1 )). (4.7) 

Now fix an (jF 2 )-stopping time £ 2 with t 2 < T 2 . Then we get a filtration (JF^ x 
J~f 2 )t>a- Since -Bi(t) and -B 2 (t) are independent, so Bi(t) is an {T\ x jF|J t > -Browmian 
motion. Then Ti(t 2 ) is an (JF/ x jF 2 2 ) t > -stopping time, A,>(£, t 2 ), j = 1,2, _E(t,t 2 ), 
N(t,i 2 ), and M(t,t 2 ) are defined for £ e [0,Ti(t 2 )). From chordal Loewner equation 
and (13.21) . <fij 2 {t, •)) an d f2,t(t2, ■), < t < Ti(t 2 ), are (J?^ 1 x JF|) t > Q -adapted. Since 
^i,/i(*!*2) = dz(p 2 ,t(h,£,i(t)), so from Ito's formula, (v4i^(ti, t 2 ), < ti < 7\(i 2 )) satisfies 
the (j; 1 x J"|)i> -adapted SDE: 

d 1 A hh {t l ,t 2 ) = A 1M . x {tx t i 2 )d&{tx) + (d <9*</W*2,&(*i)) + ^A li/l+2 (t,t 2 )) (4.8) 
From (13. 9p and (13.101) . we have 

M M ) = 2A ^ 2 dt li ^.-^f% (4.9) 



£(*i,* 2 ) A 2)1 (t ls t 2 ) £(t l5 t 



2 



From (14. 8p . (14. 9p . and Lemma [3. 1[ we have 



d 1 A 1>0 = A^dUh) + (| - 3)A li2 5t!, and (4.10) 

^1^1,1 Ai >2 /l Mi, 2 \2 /« 4\ Ai, 3 \ „, . . 

— = AZ d ^ h) + (2 ' llxl) + (2 - 3) • 1^) ^' 
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where "(£i,£ 2 )" are omitted. Since E = A 20 — A li0 , from (14.91) and (j4.10p . we have 



d l E = -A hl dUti) + 



E + (3--)^)^. 



Let Ch = Ai t h for h G Z> . From (14. 9 N4. 121) and Ito's formula, we have 



<9iiV c 



C'2 2Ci 

c[ IT 



a6(*i) + (8-3«) 



4 ' C 2 6 ' Ci 



(4.12) 



(4.13) 



The above SDE is {T\ x jF£) t > -adapted. Now (14 .7p is also an {T\ x jF£) t > -adapted 
SDE since B x (t) is an (j; 1 x* ^|) t > -Brownian motion. Thus from (Q]l . " (0)1 ■ (Q3jl . 
and Ito's formula, we have 



dr{N{h,t 2 )/N{h^)) a (C 2 {t u t 2 ) , 2C 1 (t 1 ,* 2 ) 



a(N(t 1 ,i 2 )/N(t 1 ,0)) a 

+ (8 - 3k) 



Ci(ti,f 2 ) s(ti,t 2 ) pi(ii) - d^i) 

i c 2 (*ij 2 ) 2 i c 3 (M a )^ 



-4 Ci(*i,f a ) 2 6 Ci(*i,f 2 ) 
Since C,-(ti,t a ) = ^^ 2 ,*i (*2, ^i(*i)), so d 2 C j (t 1 ,t 2 ) = <9i<^ 2 , tl (t 2 , and 



(4.14) 



1 C| 1 C 3 



,4 C 2 6 d 
From flBTTTj) and fl3TT2|) . we have 



df 2 



{d 2 jd z )v2,tA^Uh)f 



8A 2 1 C 2 



£ 3 



d_ 

df 2 



d z {d 2 Jd z )ip2,t x {hMti)) 



AA 2 21 C 2 12A 2 2 X C[ 



E 3 



E 4 



(ti,t 2 ) 



From the above three formulas, we get 



4 C 2 6 d 



942 ^2 



(tl,*2) 



£ 4 



(*1,*2) 



2iV(t 1 ,t 2 ) 2 . 



Since ip 2>tl {0, •) = id H , so <9^ 2 , tl (0, •) = for j > 2. Thus C 2 {h, 0) = C 3 (ti, 0) = 0. So 



1 C 2 {t x Mf 1 C 3 (t h t 2 ) 



2N{t 1 ,s 2 ) 2 ds 2 . 



(4.15) 



4 C^t,) 2 6 Cx^ta) 
Then (143]) follows from P~5KIP]) and fl47T4Ki47T5|) : (1431) follows from the symmetry. □ 
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Now we make some improvement over the above theorem. Let t 2 be an (,F t 2 ) -stopping 
time with i 2 < T 2 . Suppose R is an (JF* x ) t > -stopping time with R < Ti(i 2 )- Let 
Fr,Ii denote the cx-algebra obtained from the filtration (T\ x J-f)t>o and its stopping 
time R, i.e., £ E T Rh iff for any t > 0, £ n {R < t} E T] x For every t > 0, 
R + t is also an (T] x jF£) t > -stopping time. So we have a filtration (^ 7 R+t,fe)t>o- Since 
(£i(t)) and (p x (t)) are (J^ 1 x J|) t > -adapted, so (^{R + t),t > 0), { Pl (R + t),t > 0), 
((fi(R + t,-),t> 0)) and (Kx(R + t),t > 0) are (.FR +t! j 2 ) t > -adapted. Suppose / G [0, £ 2 ] 
is J-Rf 2 -measurable. From / < t 2 we have Ti(I) > Ti(t 2 ) > -R- Then <pij(R + t, •) and 
(f2,R+t(I, •) are defined for < t < Ti(I) — i?. 

Lemma 4.1 T\(I)—R is an (J r R+t,t 2 )t>o- s t°PP m 9 time, (<px t i(R+t, -),0 < t < T\{I)—R) 
and (cp 2> R +t {I, ■), < t < T X (I) - R) are (F R+t j 2 )t>o- adapted. 

Proof. Since T X (I) - R > t iff ^(i? + t) n i^OO = 0, and that (y> x (R + t, •)), and 
(Ki(R + £)) are .Fj^^-adapted, so from (I3.2p . we suffice to show that (p 2 (I, ■) is -Fr^- 
measurable. Fix n E N. Let /„ = \nl\/n. For mGNU {0}, let £ n (m) = {m/n < I n < 
(m + l)/n}. Then £ n {m) is .F^ -measurable, and J„ = m/n on £ n (m). Since m/n < £ 2 
and J n = m/n on £ n (m), so J n agrees with (m/n) A t 2 on £ n (m). Now (m/n) A t 2 
is an (JF 2 )-stopping time, and ^ m/n)At - 2 C .Fr^. So <p 2 ({m/n) At 2 ,-) is .Fr,^- 

measurable. Since (p 2 (I n , ■) = ip 2 ((m/n) A t 2 , •) on £ n (m), and £ n (m) is JF^^ -measurable 
for each mGNU {0}, so ip 2 (I n ,-) is .Fr ^-measurable. Since <p 2 (I n ,-) — > (p 2 (I,-) as 
n — > oo, so y? 2 (I, ■) is also .Fi^ -measurable. Then we are done. □ 

Let Sf (i) = Bx(R+t) -B X (R), < £ < oo. Since ^(t) is an (J? x J|) t > -Brownian 
motion, so B±(t) is an (■F i?+ti j 2 ) t > -Brownian motion. Then + t)) satisfies the 

(^ r R+t,t 2 )t>o-adapted SDE: 

d^(R + t) = yftdB?{t) + ,, p *~ dt. 

£i(R + t) -pi(R + t) 

The SDEs in the proof of Theorem 14.11 still hold if t\ is replaced by R + t, i 2 is replaced 
by /, and Bi(t x ) is replaced by Bi(t\). The difference is that the SDEs now are all 
(JF R+t ^ 2 ) t > -adapted. So we have the following theorem. 

Theorem 4.2 (i) Suppose i 2 is an (Tf) -stopping time with i 2 < T 2 . Suppose R is an 
{T\ x J r j 2 )t>o- -stopping time with R < Ti(i 2 ). Let I E [0,i 2 ] be T^i 2 -measurable. Then 
(M(R + t, I), < t < Ti(I) — R) is a continuous (^ r R+t,t 2 )t>o-^ocaZ martingale, 
(ii) Suppose t\ is an (J 7 }) -stopping time with t\ < T\. Suppose I is an (JF^ x J-f)t>a- 
stopping time with I < T 2 (ii). Let R E [0, i\] be Ti x ,i-v(ieasurable. Then (M(R, I + t), < 
t < T 2 (R) — I) is a continuous (J r t 1 .i+t)t>o-local martingale. 

Proof, (i) follows from the above argument, (ii) follows from the symmetry. □ 
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5 Boundedness 



We now use the notations and results in Section 5.2 of [15]. Let if be a nonempty hull 
in H w.r.t. oo. Then a H = inf{77 n R}, b H = sup{# n E}, Z H = C \ (H U {z : z G 
H} U [an, bn}), and H(H) is the set of hulls in EI w.r.t. oo that are contained in H. From 
Lemma 5.4 in [TH], any sequence (K n ) in TC(H) contains a subsequence (L n ) such that 

—— > V 9 -^ (converges locally uniformly) in for some K G H(H). We now make 
some improvement over this result. Let Qh — H H R. Then Q# is a closed subset of 
[as, &#]■ Let 

= S H U ([a H , \ Qh) = C \ (H [J {z : z E H} U Q h ), 

which may strictly contains For any K G H(H), cp K extends conformally to Yi* H by 
Schwarz reflection principle, and (p' K (x) > for any x G M.\Q H from (5.1) in [15] . so 
preserves the order onM\ Qh- 

Lemma 5.1 Suppose (K n ) is a sequence in 7i(H). Then it contains some subsequence 
(L n ) such that ipL n (fx in f or some K G 7i(H). 

Proof. From the argument after Corollary 5.1 in [15], there is Mh > such that 
\^Pk{z) — z\ < Mh for any K G H(H) and z G After the extension, we have 

\ip K (z) — z\ < Mh for any K G 7~C(H) and z G YT H . So {(p Kn (z) — z : n G N} is a normal 

family in S^. Then (-ft'n) contains a subsequence (L n ) such that v ? L n (- 2: ) _ z f( z ) in 

T,* H for some / that is analytic in Y>* H . So ip^ n g in E^, where g(z) := z + f(z) is 

analytic in H* H . From Lemma 5.4 in [15] . we may assume that <£>£ n in for 

some -K" G H(H). Thus g = ^ in Since they are both analytic in T,* H , so g = ipx 

in E* H . Thus -A y2 A - in T,* H . □ 

Lemma 5.2 If y t < y 2 < a H or y l > y 2 > b H , then (p' H (yi) > ^(jfe)- 

Proof. This follows from differentiating (5.1) in [T5] for z G M \ [cii,dn], and the 
facts that tpn is increasing on (—00, an) and (bn, 00), and maps them to (—00, ch) and 
((iff, 00), respectively. □ 

Let HP denote the set of (Hi, H 2 ) such that Hj is a hull in EI w.r.t. 00 that contains 
some neighborhood of Xj in EI, j = 1, 2, and HiC\H 2 = 0. Let (Hi, H 2 ) G HP. Then bu 1 < 
a H2 , Hi U H 2 is a hull in EI w.r.t. 0, and Q h 1 \jh 2 = Qh-l U <3h 2 c [ ^d &fli] u [0^2, &h 2 ]- 
Let ^(Fj) be the first time that i^-(t) n M \ Hj 0, j = 1,2. Then Tj(Hj) is an 
(^)-stopping time, < Tj(Hj) < Tj, and Kj(t) C for < t < Tj(Hj). Thus 

Tj(Hj) = hcap(^(T i (F i )))/2 < hcap(F i )/2. (5.1) 
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Theorem 5.1 For any (Hi,H 2 ) G HP, there are C 2 > G\ > depending only on Hi 
and H 2 such that M(t 1 ,t 2 ) G [C 1 ,C 2 ] for any (t u t 2 ) G [0,7i(#i)] x [0,T 2 (H 2 )]. 

Proof. Let {H ± , H 2 ) G HP and if = Hi U # 2 . Throughout this proof, we use C n , 
n G N, to denote some positive constant that depends only on Hi and if 2 . From (14.31) 
and (15.11) . we suffice to show that for some C4 > C3 > 0, N(ti,t 2 ) G [C3, C4] for (ii, i 2 ) G 
[0,7i(fli)] x [0,T 2 (F 2 )]. Fix (t u t 2 ) G [0,^(^)1 x [0,T 2 (H 2 )}. Fir st suppose tx,t 2 > 0. 
Fix j 7^ k G {1,2}. For any Sj G [0,i,), from (13.41) we have £j(sj) G Kj(tj)/Kj(sj), so 

fj-(Sj) G [a^.fe)/^( Sj ),Hfe)/^fe)] C [ C Ks(ts)/Ks('s)> d Ks(fis)/KsMl C [ C «i(*i)' d «j(*i)]> 

where the second and third inclusions follow from Lemma 5.2 and Lemma 5.3 in [15J. 
Let Sj -> i,-. We get £,(£,) G [c^.^), ^-fe)]- For s j e [0, ij), from ([XSD and (I377j) . 

■ Uui^,-//.-) = VMi(*fc 5 ^(*i)) e u K k{t k ))/{Kj{ S j) U ^(4)), 

which implies that A j>0 (sj,tfc) G [%(^)ux t (i fc ),4,fe)uif fe (( t )] C [c ff ,tZ^]. Let Sj -> £-,-. We 
get Aj !0 (tj,t k ) G [cjj, c?jj]. This also holds for A k fi(tj,t k ). Thus 



Fix qi,q 2 ,ri,r 2 G K with r x < a Hl < b Hl < q x < q 2 < a H2 < b H2 < r 2 . From 
Lemma EH1 there are C 6 > C 5 > such that for x = qi,q 2 ,ri,r 2 , d z ipK 1 (t 1 )uK 2 (t 2 ){ x )j 
d z (pi(ti,x), and d z ip 2 (t 2 ,x) all lie in [C5, Cy. Fix j 7^ k G {1,2}. From (13. 2p there 
are C$ > Cj > such that for x = qj,rj, d z (p kt tJt k ,(fj(tj,x)) G [CV, Cs]. Since 
[aKjit^^Kjitj)] C [a Hj ,b Hj ], so r,- is disconnected from g, in K by [a^. (% ), 6^.^.)]. Since 
<pj{tj,-) = (PKjQtj), so r -;(/ r /;/) is disconnected from <Pj(tj,qj) in R by [c^. (%) , 
Since £,(£,,•) G [c^^j, d Kj ( t .)], so lies between ,;,(/,. /•/) and <Pj(tj,qj). Since 

and g, lie on the same side of K k (t k ), so <pj(tj,rj), £j(tj), and <Pj(tj,qj) lie on the same 
side of ipjfajKkitk)) = K k>t .(t k ). Since <f k ,t j (' t k,-) = fK ktt .{t k ), so from Lemma \SM 
dzVk,tj(tk,€j{tj)) lies between d z <p kjtj {t k ,<pj{tj,rj)) and d z ^ k)tj {t k ^j{t h qj)). Thus 



From (I3.2p and the above argument, we see that Aj )0 (tj, t k ) = (p k jj(t k , £j(tj)) lies between 
PiOte)uKk(t*)( r i) and Vi<jfe)uJiffc(t*)(?j) for j = 1,2. Since r x < q 1 < q 2 < r 2 , so 

v ? i<'i(t2)uE- 2 (t 2 )(^i) < v 3 ^i(ti)uE- 2 (t 2 )( , ?i) < y^A'iCMu^^te) < ^Ji-i(ti)ujc2(t2)( r 2); 

From Lemma l5TTj there is C9 > such that d z (pKi(t 1 )uK 2 (t 2 )( x ) — Gg f° r x [^1 ? ^2] - So 



I = IA'.o(*i>**) - 4fe,o(*i»*fc)l <d H ~ c H . 



(5.2) 



= 9 z <f k;tj {t k ,^j(tj)) G [C 7 ,C 8 ]. 



(5.3) 



|£(ti,£ 2 )| > yjci(ti)uK- a (ta)(?2) - yjfi(*i)ujif a (* a )(gi) > Cg(g2 - gi). 



(5.4) 
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From Q, O, and ([53]), we have C 4 > <^s > such that N(t u t 2 ) G [C 3 ,C 4 ] for 
(^1,^2) £ (0, Ti(iTx)] x (0,T 2 (i/ 2 )]. By letting t x or t 2 tend to 0, we obtain the above 
inequality in the case ti or t 2 equals to 0. So we are done. □ 

Now we explain the meaning of M (t\, t 2 ). Fix (H\, H 2 ) G HP. Let fi denote the joint 
distribution of : < t < T x ) and (f 2 (t) : < t < T 2 ). From Theorem O and 

Theorem EH we have / M(Ti(H{), T 2 (H 2 ))dn = E [M(T x (Hi), T 2 (H 2 ))\ = M(0, 0) = I. 
Note that M(Ti(Hi),T 2 (H 2 )) > 0. Suppose v is a measure on T\t Hx s x Ft 2 (h 2 ) sucn 
that dv/dfi = M(Ti(Hi),T 2 (H 2 )). Then z/ is a probability measure. Now suppose the 
joint distribution of (&(*), < t < H(.Hi)) and (f 2 (t),0 < t < T 2 (# 2 )) is 1/ instead 
of (jl. Fix an (jF t 2 )-stopping time t 2 with i 2 < T 2 (H 2 ). From (14.11) . (14. 5p . and Girsanov 
theorem ([8]), there is an (T\ x ^| )-Brownian motion -Bi(t) such that £i(ii) satisfies the 
(T\ x x ^-adapted SDE for < l x < T X (H X ): 

dim = ^dUr) + (3 - f ) (^Hrr! + xt7%%%ttH ^ 

From (I4.10p and (15.51) . we have 

dA lj0 ( tl ,t 2 ) = A^t^dB^t) + !> 6 l% A ; A Yf f d % - (5-6) 

^2,0(^1 > r 2 J — ^1,0^1; r 2j 

Recall that Ai j0 (ti,t 2 ) = <P2,ti(h, £i(ti)) = £i,t 2 (*i) = ^(^(^l)); and u i,f a (*i) = 
^4i,i(£i, ^) 2 (see ( 13. 8p ). From (I5.6p . there is a Brownian motion Bi(t\) such that 

dvx,t 2 (si) = yfrdBiM + : x (/C 7 6 ! d - W w -v ( 5 - 7 ) 

m,i 2 ( s v - A 2fi( v i,t 2 \ Sx )^v 

Since A 2 , (f^ 2 ( s i)'*2) = <pi,h( v i} 2 ( s i) , &(h)) = 6(^2)) and •)> < s < 

f 1 j 2 (T 1 (if 1 )), are chordal Loewner maps driven by so the chordal Loewner hulls 

Li t t 2 (s), < s < vi i 2 (Ti(Hi)), driven by ?7i,t 2 (s) is a part of chordal SLE(k, k — 6) process 
started from ^i,t 2 (0) = </? 2 (t 2 ,xi) with force point at A 2i0 (v 1 ~f 2 (0), t 2 ) = £, 2 {t 2 )- Thus after 
a time-change, it is a chordal SLE K in EI from (p 2 (i 2 ,xi) to £ 2 (t 2 ). Note that (p 2 (i 2 , -) _1 
maps EI conformally onto M\ /3 2 ((0,t 2 ]), maps L 1 f 2 (t> 1 f 2 (t 1 )) onto i^i(ti) = /?i((0, ti]), 
and takes ^2(^2,^1) and £ 2 (t 2 ) to xi and /3 2 (i 2 ), respectively. Thus P±(t), < t < T\(H\), 
is the time-change of a chordal SLE K trace in EI \ /3 2 ((0,t 2 ]) from x\ to /3 2 (t 2 ), stopped 
on hitting H\ifi. Similarly, for any (T\~) -stopping time t\ with t\ < T\(H{), (3 2 (t), 
< t < T 2 (H 2 ), is a time-change of a chordal SLE K trace in EI \ /^((O, £1]) from x 2 to 
/?i(fi) stopped on hitting EI \ H 2 . 
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6 Constructing New Martingales 

Theorem 6.1 For any (H™, H™) G HP, 1 < m < n, there is a continuous function 
M*(ti,t 2 ) defined on [0, oo] 2 that satisfies the following properties: (i) M* = M on 
[0,Ti x [0,T 2 (# 2 m )] for m = 1, . . .,n; (ii) M*(t,0) = M*(0,t) = 1 for any t > 0; 
(Hi) M*(ti,t 2 ) G [Ci,C2] for any ti,t 2 > 0, where C 2 > C\ > are constants depending 
only on HJ 1 , j — 1, 2, 1 < m < n; (iv) for any (JF 2 ) -stopping time t 2 , (M*(ti, t 2 ), ti > 0) 
is a bounded continuous (J 7 ^ x J r2 2 )t 1 >o -martingale; and (v) for any (F}) -stopping time 
t\, (M*(?i, t 2 ), ^2 > 0) is a bounded continuous {J 7 } x J r l 2 )t 2 >o -martingale. 

Proof. We will first define M* and then check its properties. The first quadrant [0, oo] 2 
is divided by the horizontal or vertical lines {xj = T^ifj 71 )}, 1 < m < n, j — 1,2, into 
small rectangles, and M* is piecewise defined on each rectangle. Theorem 14.21 will be 
used to prove the martingale properties. 

Let N n := {k G N : k < n}. Write T/ for T^iff), jfc G N n , j = 1, 2. Let S C N n be 
such that IWO,!*] x [0,T 2 fc ] = U^JO,^] x [0,T 2 fc ], and £ fce5 k < E fce5 ' fc if 5" C N„ 
also satisfies this property. Such S is a random nonempty set, and \S\ G N n is a random 
number. Define an partial order on [0, oo] 2 such that (si,s 2 ) ^ {ti,t 2 ) iff S\ < ti 
and s 2 < t 2 . If (si,s 2 ) ^ (ti, t 2 ) and (s t , s 2 ) ^ (ti,t 2 ), we write (si,s 2 ) -< (h,t 2 ). Then 
for each m G N n there is G S such that (T™, T 2 m ) ^ (Tf, T 2 fc ); and for each k <E S there 
is no m G N„ such that (Tf,T%) -< (T™, T 2 m ). 

There is a map cr from {1, . . . , \S\} onto 5 such that if 1 < ki < k 2 < \S\, then 



Define 2f (0) = T 2 ct(|5|+1) = and rf (|5|+1) = T 2 ff(0) = oo. Then (JSHJ still holds for 

< ifei < k 2 < \S\ + 1. 

Extend the definition of M to [0, oo] x {0}U{0} x [0, oo] such that M(t, 0) = M(0, t) = 

1 for t > 0. Fix (t u t 2 ) G [0, oo] 2 . There are k x G N| 5| + i and fc 2 G N[g| U {0} such that 




(6.1) 



,<r(fci-l) 



< h < t\ 



<t 2 < T° 



(6.2) 



If jfei < k 2 , let 



M,(t 1 ,t 2 ) 



M(h,t 2 ). 



(6.3) 



It h>k 2 + 1, let 



M*{t u t 2 ) 



M(T° {k2 \t 2 )M(T° {k2+1) X {k2+1) ) ■ ■ •M(T 1 CT(fcl " 1) ,T 2 CT(fel - 1) )M(t 1 ,T 2 a(fcl) ) 




(6.4) 
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In the above formula, there are k\ — k 2 + 1 terms in the numerator, and k\ — k 2 terms in 
the denominator. For example, if k\ — k 2 = 1, then 

M*(t u t 2 ) = M(T° {k2 \t 2 )M(t 1 ,T 2 {kl) )/M(T° {k2 \T 2 a{kl) ). 

We need to show that M*(ti, t 2 ) is well-defined. First, we show that the M(-, •) in 
(16. 3p and (16. 4p are defined. Note that M is defined on 



|S|+1 

Z:= (J [0,lf (fc) ] x [0,T 2 a(fc) ]. 

k=0 

If kx < k 2 then t x < Tf (fe ° < 7f (fea) and t 2 < T° {k2 \ so (t u t 2 ) G Z. Thus M(t u t 2 ) 
in (16.31) is defined. Now suppose k\ > k 2 + 1. Since t 2 < Jf^ and t\ < T^ kl \ so 
(T? (k2 \t 2 ), (t 1: T 2 {kl) ) G Z. It is clear that (If (fc) , T 2 a(fc) ) G Z for & 2 + l < fc < h-1. Thus 
the M(-, •) in the numerator of (16. 4p are defined. For k 2 < k < k\ — 1, Jfw < r p^ k+l ) ^ 
so (If , ^ ^ Thus the M(-, •) in the denominator of (16.41) are defined. 

Second, we show that the value of M*(£i, t 2 ) does not depend on the choice of (ki, k 2 ) 
that satisfies (16.21) . Suppose (16.21) holds with (ki,k 2 ) replaced by (/^,/c 2 ), and k[ ^ k\. 
Then \k[ — ki\ = 1. We may assume k[ — k\ + l. Then ti = T^ kl \ Let M*(ti,t 2 ) denote 
the M*(ti,t 2 ) defined using (k[,k 2 ). There are three cases. Case 1. k\ < k[ < k 2 . Then 
from llOl . Mi(t u t 2 ) = M(t u t 2 ) = M*(t 1; t 2 ). Case 2. h = k 2 and k[ - k 2 = 1. Then 
If (fe2) = if = ti. So from (E2) and (EH), 

M:(t 1; t 2 ) = M(T? {k2 \t 2 )M(t u T° {kl) )/M(T? {k2 \T° (kl) ) = M(t u t 2 ) = M*(h,h). 

Case 3. k[ > k± > k 2 . From (16. 4p and that If ^ = ti, we have 

M{T? (k2 \ t 2 )M(T° {k2+l) X {k2+1) ) ■ ■ ■ M (If T 2 a(fcl) )M(t 1? Tf {fcl+1) ) 



MiT^^) y°"( fc 2 + l)-j _ _ _ j^-^o-(fcl-l) J>0-(fcl)s^-/j,<T(fcl) j,<r(fcl+l)^ 



L 2 

-l) r7-io-(fe 2 +i)\ 7i / r/'+ t-i""^ 1 )"* 



M(T^ K2j , £ 2 )M(Tf ^ 2 ^, If lK2+i; ) • ■ ■ M(ti, If , f 

M(T°( k *) 2^°"( fc 2+i)-j _ _ _ ^^o-(fci-i) j^( fc i)\ *^ 1 ' 2 '' 

Similarly, if (I6.2p holds with (ki,k 2 ) replaced by (ki,k' 2 ), then M i(; (t 1 ,t 2 ) defined using 
(fei, fc 2 ) has the same value as M(t\,t 2 ). Thus M* is well-defined. 

From the definition, it is clear that for each k\ G and k 2 G N|s| U {0}, M* is 

continuous on [T^ 1 , If ] x [If +1 \ T 1 CT( - fc2 ' ) ]. Thus M* is continuous on [0, oo] 2 . Let 
(ti,t 2 ) e [0,cx)] 2 . Suppose t 2 ) G [0,1]™] x [0,T 2 m ] for some m G N„. There is k G N| S | 
such that (T™,!™) ^ (T^ k \T 2 ^). Then we may choose k\<k and k 2 > k such that 
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(16. 2p holds, so M*(ti,£ 2 ) = M{ti,t 2 ). Thus (i) is satisfied. If ti = 0, we may choose 
fci = 1 in O. Then either k x < k 2 or k 2 = 0. If k x < k 2 then M»(*i, * 2 ) = M{t x ,t 2 ) = 1 
because t\ — 0. If A; 2 = 0, then 

M^tuh) =M(T 1 f7(0) ,t 2 )M(t 1 ,T 2 a(1) )/M(T 1 CT{0) ,T 2 CT{1) ) = 1 

because T^ - 1 = ti = 0. Similarly, M*(ti,t 2 ) = if t 2 = 0. So (ii) is also satisfied. And 
(iii) follows from Lemma [5.11 and the definition of M*. 

Now we prove (iv). Suppose {t u t 2 ) G [0,oo] 2 and t 2 > V" =1 T 2 m = T° {1) . Then (IO> 
holds with fc 2 = and some k\ G {1, . . . , | jS' | + 1}. So k\ > k 2 + 1. Since = and 

M (0, t) = 1 for any £ > 0, so from (16 .4[) we have 



Af.(ti,t 2 



M(3f (fca+1) X (fca+1) ) • ■ ■ M{T^ kx - 1 \T^ kl ' 1) )M{t l ,T 2 { ' kl) ) 

jyj- ^rpCrfa+l) rpCr(k 2 +2)^ _ _ _ ^ ^rpcr(k! -1) rpcr(k!)^ 



The right-hand side of the above equality has no £ 2 . So M*(ti,i 2 ) = Mc(ti, V^ l=1 T 2 m ) for 
any t 2 > V^ =1 T 2 m . Similarly M*(t 1 ,t 2 ) = M,(V™ =1 T 1 m , t 2 ) for any t x > V^ =1 T{". 

Fix an (.F 2 ) -stopping time t 2 . Since M*(-,t 2 ) = M*(-,* 2 A (V" =1 T 2 m )), and t 2 A 
(V^ =1 T 2 m ) is also an (JF 2 ) -stopping time, so we may assume that t 2 < V^ =1 T 2 m . Let 
J = i 2 . ForseNU {0}, define 

R s = sup{Tr : m G N n , T™ > I s }; I s+1 = sup{T 2 m : m G N n , T™ < I s , T™ > R s }. 

(6.5) 

Here we set sup(0) = 0. Then we have a non- decreasing sequence (R s ) and a non- 
increasing sequence (I s ). Let S and cr(/c), < k < \S\ + 1, be as in the definition of M*. 
From the property of 5, for any seNU {0}, 

R s = sup{T-f : k E S,T k > I.}. (6.6) 

Suppose for some s G N U {0}, there is m G N n that satisfies T™ < 7 S and T™ > R s . 
Then there is k G 5 such that 2j > T/ 1 , j = 1, 2. If T 2 fc > J s , then from ([6J| we 
have > T} > T™, which contradicts that T™ > i? s . Thus T 2 < I a . Now T 2 fc < I s , 
T k > T m > ^ and T fc > T m Thug for an y s g N U {0}, 

I s+1 = sup{T 2 fc : k G 5, T 2 fc < I 9 , T* > R s }. (6.7) 

First suppose t 2 > 0. Since t 2 < V^ =1 T 2 m = T^°\ so there is a unique k 2 G N|g| 
such that T 2 ff(fc2) > t 2 > T 2 a(fc2+1) . From and (JS2D, we have R s = T? {k2+s) for 

< s < \S\ - k 2 ; R s = T[ m for s > \S\ - k 2 ; I s = T 2 ff(fc2+s) for 1 < s < \S\ - k 2 - and 
I s = for s > \S\ -k 2 + l. Since R = Tf (fc2) and t 2 < T° {k2 \ so from (i), 

M^txM) = M(t u i 2 ), for t x G [0,Rq]. (6.8) 
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Suppose t\ G [R s -i, R s ] for some s G N|s|_fc 2 . Let k\ = k 2 +s. Then 1 <t\< T° . 
Since J s = T 2 a(fe2+s) = T 2 ff(fel) , so from (JS3D, 

M^t 1} t 2 )/M,(R s ^,h) = M(t 1 ,I 8 )/M(R s -i,I 8 ), for G [R.-i,R.]. (6.9) 

Note that if s > \S\ — k 2 + 1, (16.91) still holds because R s = R s -i- Suppose t\ > R n . 
Since n > \S\ — k 2 , so R n = T±^ s ^ = V^ l=1 T 1 m . From the discussion at the beginning of 
the proof of (iv), we have 

M m (ti,i 2 ) = M*(R n ,t 2 ), for h G [Rn, oo]. (6.10) 

If t 2 = 0, fl6T8Kl6TT0l still hold because all I s = and so M*(ti,t 2 ) = M(t u I s ) = 
M(tt,0) = 1 for any t x > 0. 

Let R-i = 0. We claim that for each s G N U {0}, R s is an {T\ X JT£) t > Q -stopping 
time, and 7 S is JF Ks l ^-measurable. Recall that ^ r R s _ 1 ,t 2 is the cr-algebra obtained from 
the filtration (JF^ x .F|,)t>o and its stopping time -R s _i. It is clear that R_i = is an 
[T\ xJF? ) t > -stopping time, and J = t 2 is JF Rl j 2 -measurable. Now suppose J s is Tn a _ x fa- 
measurable. Since I s < t 2 and R s -i < R s , so for any t > 0, {i? s < £} = {-R s _i < £} n £ t , 
where 

n n 

St = pi (W < J *> u { T r < *}) = Pi ( u *gq(W < ? < fc} n {q < Q) u {T7 < 0). 

m=l m=l 

Thus S t G J~r s _ x ,t2 V (j; 1 x ^|), and so {R s < t} G j; 1 x ^| for any t > 0. Therefore i? a 
is an {T\ x jF£) t > -stopping time. Next we consider J s+ i. For any h > 0, 

{J s+1 > M = u- =1 ({/i < T 2 m < j.} n {27 > R s }) 

= U n m=1 (U qeQ ({h <T™<q< i 2 } n{q< J.}) fl {If > i? s }) G ^ s ,f 2 . 

Thus I s +i is JF Rs f 2 -measurable. So the claim is proved by induction. 

Since i 2 < V™ =1 T 2 m < T 2 , so from TheoremgJl for any s G N n , {M{R s -i + t,I s ),0< 
t < Ti(I s ) — R s -i) is a continuous {J-r s _ 1 +t i f 2 )t>o-local martingale. For m G N n , if 
T 2 m > I s , then Tf < Ti(T 2 m ) < Ti(/ S ). So from we have i? s < Ti(I s ). From M . 
we find that (M*(i? a _i + t, t 2 ),0 < t < R s — R s -i) is a continuous (JF^ 1+t) j 2 ) t > -local 
martingale for any s G N n . From Theorem 14.11 and (16. 8p . (M*(t,i 2 ),0 <t< Rq) is a 
continuous (jF tj f 2 ) t > -local martingale. From (16.101) . (M*(R n + t, i 2 ),t > 0) is a continuous 
(JF Rn+t f 2 ) f > -local martingale. Thus (M*(t,i 2 ),t > 0) is a continuous (.F tj j 2 ) t > -local 
martingale. Since by (iii) M*(t 1; t 2 ) G [Ci,C 2 ], so this local martingale is a bounded 
martingale. Thus (iv) is satisfied. Finally, (v) follows from the symmetry in the definition 
flE3D and Q of M*. □ 
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7 Coupling Measures 



Proof of Theorem 12.11 From conformal invariance, we may assume that D = H, 
a = xi and b = x 2 . Let £j(t) and /3j(t), <t < I}, j = 1,2, be as in Section [U For 
j = 1, 2, let fij denote the distribution of (£j(t), < t < Tj). Let \i — p\ x /i 2 . Then /z is 
the joint distribution of £i and £2, since they are independent. 

Let C = CU{oo}be the Riemann sphere with spherical metric. Let Tg denote the 
space of nonempty compact subsets of C endowed with Hausdorff metric. Then Tg is a 
compact metric space. For a chordal Loewner trace < t < T, let G(f3) := {(3(t) : 
< t < T} G Tg. For j = 1,2, let /L,- denote the distribution of G(flj), which is a 
probability measure on Tg. We want to prove that jli = /i 2 . Let p, — pi x jl^i which is 
the joint distribution of G(fii) and G(/3 2 )- 

Let HP* be the set of (Hi,H 2 ) G HP such that for j = 1,2, Hj is a polygon whose 
vertices have rational coordinates. Then HP* is countable. Let (-ff™, H™), m G N, be an 
enumeration of HP*. For each n G N, let M^{ti 1 t 2 ) be the M*(t!,t 2 ) given by Theorem 
16. II for (H™, H™), 1 < m < n, in the above enumeration. 

For each nGN define i/ 1 = (V™, i/ 2 ) such that dv n /dfi = M™(oo, 00). From Theorem 
I6TT1 M"(oo,oo) > and / M"(oo,oo)d/i = E [M"(oo, 00)] = 1, so z/ n is a probabil- 
ity measure. Then dv^/d^ = E [M"(oo, 00) = M"(oo,0) = 1. Thus i/J» = ^. 
Similarly, z/J = yU 2 . So each z/ n is a coupling of /^i and /x 2 . 

For each n G N, suppose ((?(*), < t < 5") and ((£(*), < t < S%) have the joint 
distribution u n . Let 7™(t), < t < Sj, j = 1,2, be the chordal Loewner trace driven by 
Q. Let v n = (z/™, z/2 ) denote the joint distribution of G(7™) and G(7 2 ). Since Tg x Tg is 
compact, so (u n ,n G N) has a subsequence (z/ nfc : k G N) that converges weakly to some 
probability measure v = (z/i,z/ 2 ) on Tg x Tg. Then for j = 1,2, &J k — > Vj weakly. For 
n G N and j = 1,2, since is™ = fij, so = fij. Thus Vj = p,j, j = 1, 2. So z/^, j = 1, 2, 
is supported by the space of graphs of crosscuts in H. From Proposition 12.21 there are 
Ci G C([0, Si]) and £2 G C([0, SV|) such that the joint distribution of G(ji) and G(7 2 ) is 
where 7j(i) is the chordal Loewner trace driven by (j{t), j = 1, 2. 

Now fix m G N. From Theorem HH M(Ti(H?), T 2 {Hf)) is positive and ^{H m ) x 
JF^^,^ -measurable, and / M(Ti(H™),T 2 (H™))dfj> = 1. Define z/( m ) on F^ii" 1 ) x P^h™) 
such that <iz/( m )/(i/i = M(Ti(H™), T^H™))- Then z/( m ) is a probability measure. From 
Theorem I6.1[ if n > m, then 

— = E [M:(oo, oo)|J^ (jHr) x ^ (flr) ] 

= M:{T X {H?),T 2 {H™)) = M{T X {H™),T 2 {H?)). 
Thus z/( m ) equals to the restriction of z/ n to mmj x F^iH™) ^ n — m - 
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For a chordal Loewner trace j(t), < t < S, and a hull if in EI w.r.t. that contains 
some neighborhood of 7(0) in H, let Gh(j) ■= {j(t) '■ < t < T H } G Tg, where T H 
is the first t such that j(t) G M\H or t = S. Then G H (j) C £(7). Let P? } denote 
the distribution of (Gn™{l\ ), Gjjm^y^)). Then V?. is determined by the distribution of 

(Ci\ C2) restricted to F^itH" 1 ) x -^TbCff" 1 )' wn ich equals to v^ m ) if n > m. Let P( m ) = PPy 
Then P/V = P( m ) for n>m. 

Let denote the distribution of (G(7D> G (l2 k ), ^(li'). G H ™{l 2 k ))- Tnen r (m) 
is supported by H, which is the set of (Lj, L 2 , Fi,F 2 ) G T| such that F 3 - C Lj for ? = 1, 2. 
It is easy to check that H is a closed subset of r|. Then (71&) has a subsequence (n' k ) such 

that 7vA converges weakly to some probability measure T( m ) on 5. Since the marginal of 

7vA at the first two variables equals to v n ' k , and v n ' k — > z/ weakly, so the marginal of T( m ) 

n' 

at the first two variables equals to v. Since the marginal of r,\ at the last two variables 

_n' 

equals to which equals to z/( TO ) if n' k > m, so the marginal of r( m ) at the last two 
variables equals to P( m ). 

Let the S- valued random variable (L l5 L 2 , F 2 ) has the distribution 7? m ). Then v 
is the distribution of (L>i,L 2 ) and P( m ) is the distribution of (Fi,F 2 ). Note that P( m ) is 
supported by the space of pairs of curves (a\,a 2 ) such that for j = 1,2, a-,- is a sim- 
ple curve whose one end is Xj, the other end lies on dH™ D EI, and whose other part 
lies in the interior of H™. For j = 1,2, since Lj = G(jj), so from the properties of H 
and P( m ), we have Fj = Gnpilj), which means that (Gh™{p(i), Gh™{j2)) has the distri- 
bution V( m ). Since the distribution of (Gh™{1i)i Gh™{12)) determines the distribution 
of ((1,(2) restricted to F^iH™) x -^t 2 (h^)^ so ^ ne ^ ne distribution of (Ci ; C2) restricted to 
^~T\(H m ) x -^T 2 {H m ) ec l ua l s to ^(m)- Since dv^/dfi = M (Ti(H™) , T 2 (if 2 71 )) , so from the dis- 
cussion after the proof of Theorem 15. 11 for any (jF t 2 )-stopping time t 2 with t 2 < T 2 (H™), 
(71 (t), < t < Ti(H™)) is a time-change of a chordal SLE K trace in EI \ 7 2 ((0, t 2 ]) from 
x\ to 72(^2) stopped on hitting EI \ iff 1 . 

Now fix an (jF t 2 )-stopping time i 2 with i 2 < T 2 . Recall that Ti(i 2 ) is the maximal 
such that 7i([0, Ti(t 2 ))) is disjoint from 7 2 ([0,t 2 ]). For neN, define 

R n = suplT^/ff) : m G N n ,i 2 < T 2 (H?)}. 

Here we set sup(0) = 0. Then for any t > 0, 

{Rn <t} = n^ =1 ({i 2 > T 2 (H™)} u {UHT) < t}) G T\ x T\. 

So i?„ is an {T\ x ^|) t > -stopping time for each n G N. For m G N„, let tg 1 = t 2 AT 2 (H^). 
Then is an (jF t 2 )-stopping time, and t™ < T 2 (H™). From the last paragraph, we 
conclude that 71 (i), < t < T^if™), is a time-change of a part of chordal SLE K trace in 
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H\7i((0,^]) from Xl to 72 (t™). Let E n , m = {i 2 < T 2 (H™)} n {R n = T^H™)}. Since on 
each £ n , m , t 2 = and i? n = 7\(flf ), and > 0} = U^ =1 £ n , m , so 7l (t), < t < 
is a time-change of a part of chordal SLE K trace in H \ 7i((0,t2]) from x\ to 72^2) ■ Let 
-Roo = V^-Rn. Then 71 (t), < t < R^, is a time-change of a part of chordal SLE K trace 
in H \ 7i((0, t 2 ]) from x\ to 72(^2)- 

For each n G N and m G N n , if t 2 < T 2 (# 2 m ) then T^H™) < 7\(i 2 ), so i? n < Ti(i 2 ). 
Thus i?oo < Ti(?2)- If -Roo < ^1(^2), then 7i((0, .Roo]) is disjoint from 72((0, i 2 }), so there is 
(H™, H™) G HP* such that 7i((0, -Roo]) and 72((0, t 2 \) are contained in the interiors of H™ 
and H™, respectively. Then t 2 < T 2 (H™) and R m < R^ < Ti(H™), which contradicts 
the definition of R m . Thus R^ = Ti(t 2 ). So 71 (t), < t < Ti(i 2 ), is a time-change of 
a part of chordal SLE K trace in HI \ 7i((0,t 2 ]) from X\ to 72(^2) ■ From the definition of 
T\{t 2 ) we have 7i(T , 1 (t 2 )) G G{^ 2 ). Thus 7i(i), < t < Ti(t 2 ), is a time-change of a full 
chordal SLE K trace in HI \ 7 i((0, £2]) from x\ to 72(^2) ■ Since k G (0,4], so almost surely 
7i(7i(t 2 )) = 72(^2) ■ Thus 72(^2) G G(7i) almost surely. 

For n G N and q G Q> , let t^' 9 = qAT 2 (H%). Then each t^ 9 is an (.Tf) -stopping time 
with i 2 n < T 2 . Since N x Q> is countable, so almost surely 72(^2™) G G(7i) for every 
n G N and q G Q>o- Since Q> is dense in K>o, 72 is continuous, and G(ji) is closed, 
so almost surely for every n G N, 72 ([0, T 2 (#£)]) C £(71). Since T 2 = V^T^-HJ), so 
(^(72) C G(7i) almost surely. Similarly, (7(71) C (^(72) almost surely. Thus Gr( 7 i) = 
(^(72) almost surely. Since for j = 1, 2, the distribution of G(7j) equals to the distribution 
of G(Pj), which is the SLE K trace in HI from Xj to £3-,-, so we are done. □ 
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